Abstract We study spin squeezing and classical bifurcation in a nonlinear bipartite system. We show that the spin squeezing can be associated with a fixed-point bifurcation in the classical dynamics, namely, it acts as an indicator of the classical bifurcation. For the ground state of a system with coupled giant spins, we find that the spin squeezing achieves its minimum value near the bifurcation point. We also study the dynamics of the spin squeezing, for an initial state corresponding to one of the fixed point, we find that in the stable regime, the spin squeezing exhibits periodic oscillation and always persists except at some fixed times, while in the unstable regime, the periodic oscillation phenomenon disappears and the spin squeezing survives for a short time. Finally, we show that the mean spin squeezing, which is defined to be averaged over time, attains its minimum value near the bifurcation point.
Introduction
Spin squeezing, [1−2] originated from the Heisenberg uncertainty principle, has been well studied in both theoretical and experimental fields. Spin-squeezed states which are quantum correlated states with reduced fluctuations in one of the collective spin components, can be used to improve measurement precision in experiments. [3−5] For example, it can lead noise reduction [4] and improve atom sensor precision. [5] One the other hand, spin squeezing can be used to detect quantum entanglement and many-body correlation. [6−11] Also, the pairwise entanglement for arbitrary symmetric multiqubit states is linearly related to some squeezing parameters. [12] Due to the nonlinear two-body interactions, the spin squeezed state was generated in two-component BoseEinstein condensates [6,13−15] and atomic ensembles. [16−17] Recently, many efforts were devoted to understanding the impact of quantum phase transition on spin squeezing. [18−22] It was found that the spin squeezing is minimized at the phase transition point. [18] A quantum phase transition implies a qualitative change of the ground state as a system parameter varied across a critical point. In the classical analogue, a stationary solution of the minimum energy correspond to an elliptic fixed point. By changing the parameter in the system, the original stable fixed points may loss their stabilities, meanwhile, some new fixed points may emerge which is known as the classical bifurcation.
[23] As we know, there is a correspondence between the classical fixed points and quantum states. [24−27] Thus, a natural question arises, how does the classical critical behavior of a system can affect the quantum effect? This problem has attracted much theoretical attention and the recent finding of the relation between the classical bifurcation and the entanglement brought a new research interest. For instance, it is found that the entanglement of the ground state is maximum at a classical bifurcation point. [24−26] Moreover, some researchers pointed out that the dynamical mean entanglement which is defined to be averaged over time, exhibits a maximum value near the classical bifurcation. [27−28] In a general case, the entanglement can be witnessed by the spin squeezing, [29−34] which is relatively easy to be generated and measured experimentally. [6−11,35−37] It is thus important to study how these classical critical behavior can affect the spin squeezing.
In this work, we study the spin squeezing of a system with coupled giant spins, which exhibits a bifurcation in the classical limit. We emphasize that the classical bifurcations affect both ground state and dynamics of the spin squeezing. For the spin squeezing of the ground state, we find that the spin squeezing parameter achieves its minimum value near the bifurcation point. Moreover, the quantum critical point, defined as the coupling value at which the spin squeezing is minimum, approaches the classical bifurcation point for the large subsystem angular momentum. Furthermore, we consider the effect of stability of the fixed point on the dynamics of the spin squeezing. By choosing the initial state as a fixed point which becomes unstable when the coupling parameter larger than the classical bifurcation. We find that in the stable regime, spin squeezing exhibits periodic oscillation and always per-sists except at some fixed time. In the unstable regime, the periodic oscillation phenomenon disappears and the spin squeezing survives for a short time. Finally, we consider the mean spin squeezing which is defined to be averaged over time, and find it attains its minimum value near the bifurcation point. This paper is organized as follows. In Sec. 2, we introduce the system of coupled giant spins and discuss the influence of coupling strength on the total spin angular momentum, also the stabilities of the fixed-points are presented. In Sec. 3, we study the ground state in phase space and its corresponding spin squeezing. Then in Sec. 4, we study the dynamics of spin squeezing. The spin squeezing time and mean spin squeezing are introduced in order to characterize squeezing properties and the classical quantum correspondence. The conclusions are given in Sec. 5.
Model
We consider a bipartite system which is motivated by a proposed physical implementation for quantum computation. [38] In such a system, quantum bits are realized by magnetic particles, which have a relatively large total spin. The magnetic particles are arranged in a onedimensional lattice and coupled to the superconducting loops of micro-SQUID circuits. For simplicity, we consider the system described by a Hamiltonian [38] 
whereĴ 1,2 are the angular momentum operators and satisfy the SU(2) commutation relations [Ĵ x ,Ĵ y ] = iJ z , the subscript 1 (2) refers to subsystem 1 (2) andĴ a1 =Ĵ a ⊗Î 2 , J a2 =Î 1 ⊗Ĵ a , a = x, y, z. The coupling strength µ depends on the supercurrent induced in the loop by one spin and the field this produces at the site of the other. By the definitionĴ
, it is straight forward to find that the angular momentum of the subsystem commutes with the Hamiltonian for any coupling strength
In means that the number of subsystem angular momentum is a conserved quantity and satisfiesĴ 2 1,2 = j 1,2 (j 1,2 + 1). For simplicity, we assume j 1 = j 2 = j. Then the system can be represented in the basis of tensor products of the J z eigenstates, |j, m ⊗ |j, n ≡ |m, n , where −j m, n j. In the Hamiltonian (1), the coupling term is scaled with j, it allows us that the classical limit can be taken.
Since there is a coupling between the two subsystems, we notice that the total angular momentum of the system
2 does not commute with the Hamiltonian which meansĴ 2 is not a constant in the motion. In Fig. 1 we plot the square of the total angular momentumĴ 2 as a function of coupling strength µ. It can be found that for
and the value of Ĵ 2 decreases as increasing µ. For this phenomenon, it recalls us that the ground state of the system behaves as a ferromagnetic phase for µ < 1 and as an anti-ferromagnetic phase for µ > 1. 
A Classical Analogue
To make the connection between quantum and classical dynamics, we introduce coherent spin state (CSS), which can be viewed as a most classical state |θ, φ = e −iθ(Jx sin φ−Jy cos φ) |j, −j
where |j, m is eigenstate of J z with eigenvalue m, and
Under the CSS, the expectation values of the angular momenta are given by
Then the corresponding classical Hamiltonian can be rewritten as
where p φ1 = cos θ 1 and p φ2 = cos θ 2 . By using p φ1 , φ 1 , and p φ2 , φ 2 as the classical canonical variables, we obtain the equations of motioṅ
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By imposingṗ φ1 =φ 1 =ṗ φ2 =φ 2 = 0, we obtain four fixed points for µ < 1, and given by
It is well known that the fixed points correspond to the extreme energy of the system. Obviously, the fixed point θ 1 = θ 2 = π/2, φ 1 = φ 2 = π corresponds to the minimum energy. It indicates that the corresponding quantum ground state of the system is (←←), which denotes the direction of the total angular momentum along the −x axis. Then the value of the total angular momentum can be obtained as Ĵ 2 ≃ 2j(2j +1), which is shown in Fig. 1 .
When µ > 1, besides the above four fixed points, another four fixed points emerge, and located at
where θ 0 = arccos 1 − 1/µ 2 . For this situation, we can find that the minimum energy corresponds to the fixed point
Clearly, as µ → ∞, we have the two minimum energy points which can be represented as (↑↓), (↓↑). Then the total angular momentum Ĵ 2 ≃ 0. Between the point µ = 1 and the
, and the value of Ĵ 2 decreases as increasing µ, which is shown in Fig. 1 .
Stabilities of the Fixed Points
As we know, bifurcations are often accompanied by a loss of stability and the appearance of the new fixed points. Now we discuss the dynamical stability of the fixed points. To do this work, we shall adopt the linear stability analysis that has wide applications in various nonlinear systems. [39] First, the infinitesimal variables δp φi and δφ i are introduced by p φi = p (7)- (10), the linearized equations of motion are derived as
where
The stabilities of the fixed points are determined by analysis of the eigenvalues of the linearized matrix M . Substituting the fixed points to the matrix M and calculate the eigenfrequencies, we obtain that the two fixed points in Eq. (11) with φ 1 = π − φ 2 are unstable for all value of µ. While the other two fixed points in Eq. (11) with φ 1 = φ 2 are dynamically stable for µ < 1, and become unstable for µ > 1. The emergent fixed points in Eq. (12) are all stable. Then the bifurcation condition can be obtained as µ = 1. Interestingly, we find that the classical bifurcation corresponds to the transition point of the total angular momentum.
Ground State of the Spin Squeezing
Now, we study the spin squeezing of the ground state. It will be found that the ground state of spin squeezing displays interesting behaviors due to the presence of the classical bifurcation.
Spin Squeezing in the Ground State
Spin squeezing is closely connected to quantum correlations, so far, there are several definitions of spin squeezing in the literature.
[1−2,40−42] In our study, we mainly use the spin squeezing parameter which is defined as
where J = N j, n ⊥ refers to the direction which is perpendicular to the mean spin direction n = J /| J |, and (∆J n ⊥ ) 2 min denotes the minimal value of the variance in the direction n ⊥ . Obviously, the squeezing parameter (15) is the ratio of the phase sensitivity of a general state versus the CSS. For the CSS, the phase sensitivity is (∆φ) = 1/ √ N , which is the so-called shot-noise limit. The inequality ξ 2 < 1 indicates that the state is spin squeezed, and its phase sensitivity is improved over the shot-noise limit.
In Fig. 2 we plot the numerically calculated ground state squeezing parameter ξ 2 as functions of the coupling strength µ and the subsystem angular momentum j. First, one notices that for j = 1/2, which is a two-site transverse field Ising model, the spin squeezing parameter is given by
It shows that ξ 2 = 1 for zero coupling µ = 0, then decreases as the coupling strength increases, and asymptotes to the minimum value of 1/2 as µ → ∞. When j > 1/2, the spin squeezing of the ground state with respect to the interaction strength µ takes on a plenty of features. When µ = 0, the ground state is simply a tensor product of lowest eigenvector of J xi , | − j, −j x , and then ξ 2 = 1. As µ increases, ξ 2 decreases quickly and attains a minimum value near the bifurcation point µ = 1.
From the above analysis, we have found that ξ 2 attains its minimum value when the coupling parameter µ approaches the classical bifurcation. As shown in Fig. 2, we can see that the minimum values of ξ 2 also depend on j. Next we consider the relation between j and the quantum critical parameter µ q , defined as the coupling value at which the ground state spin squeezing parameter is minimum. In Fig. 3 we plot µ q as a function of j. It is shown that for large j, the optimal squeezing occurs near the classical bifurcation point, in the limit j → ∞, the quantum critical point close to the classical bifurcation point. From the above result, we have found that in the semiclassical limit, the quantum critical point corresponding to optimal spin squeezing is the classical bifurcation point. To understand how the spin squeezing parameter manifests the classical bifurcation, we need to investigate the structure of the quantum state. To do this work, we consider the ground state in phase space.
Ground State in Phase Space
First we introduce the Husimi Q function of a quantum state
where |θ, φ is a CSS which is defined in Eq. (3). Since the system which we are studying is a bipartite system, in the following, we study a Humisi distribution which is defined as [24] 
Obviously, there are four phase space dimensions of the Q function. To clearly show the Q function in figures, we shall only display cross sections graphically. According to the Hamiltonian (6), it can be found that the minimum energy of the system lied in the −x direction, i.e., φ 1 = φ 2 = π. In Fig. 4 , we plot the φ 1 = φ 2 = π cross sections of the ground state Q distribution for various coupling strength µ. It is shown that for small µ, the Q distribution is a circle and localized around the fixed point at θ 1 = θ 2 = π/2. Then the corresponding ground state approaches the state |π/2, π 1 |π/2, π 2 . For this state, the spin squeezing parameter ξ 2 close to 1 which is shown in Fig. 2 . As µ increases and is close to the bifurcation, Q distribution spreads along the θ 1 = π − θ 2 axis and becomes an elliptic shape. In this region, ξ 2 decreases as µ increases and attains its minimum value when µ is close to the bifurcation. When µ becomes large and is beyond the bifurcation, the Q distribution is two circles and localized around the two new emergent fixed points which correspond to θ 1 = π − θ 2 = θ 0 and θ 1 = π − θ 2 = π − θ 0 , respectively. For this phenomenon, the ground state can be approximately written as
then the expectation values of total momentumĴ is obtained as Ĵ = Ĵ x = −2j sin θ 0 and the minimal variance (∆J n ) 2 = j sin 2 θ 0 . In this way, the spin squeezing parameter is obtained
As shown in Fig. 2 , ξ 2 gets close to 1 for large µ.
The minimum ground state spin squeezing occurs when µ is close to the classical bifurcation. This is because that close to the classical bifurcation, Q distribution is at its most delocalized and spreads between the three fixed points. This phenomenon corresponds to the ground state entanglement which achieves a maximum value at the bifurcation point. [24] When j becomes larger, according to the Heisenberg uncertainty limit, a higher degree of localization of the distributions is allowed. Then the quantum critical point approaches the classical bifurcation point.
From the above analysis, we found that the spin squeezing characteristics of the ground state can be associated with the classical bifurcation. 
Dynamics of Spin Squeezing
Now we consider the relation between the dynamic of spin squeezing and the classical bifurcation point. First we recall that the system is prepared to start from the lowest eigenstate of J x , i.e., | − j, −j x . Such a state minimizes the energy associated with the interaction J x , in the phase space, it corresponds to the fixed point
For this fixed point, we have analyzed in the previous section, it is stable when µ < 1, and becomes unstable for µ > 1. Although exact analytic solutions of the nonlinear problem are not available, the squeezing behavior produced by H can be understood when µ is sufficiently smaller. To see this, let us examine the Heisenberg equationsJ
If µ is sufficiently small, the external field forces the total spin to remain polarized in the −x direction because it costs energy to change the direction of the spin vector. Based on this condition, it is justified to make a frozenspin approximation: [43] replacing J x by −2j. In this way, we haveJ
which permits harmonic solutions
where ω = √ 1 + µ. For the initial state (21), we have J y (0)J z (0) + J z (0)J y (0) = 0. Then the time-dependent spin fluctuations are given by
Now using the fact that ω > 1 and J 2 z (0) = J 2 y (0) = j, we find that reduced spin fluctuations occur in the z direction and the spin squeezing parameter
Thus the system is always squeezed except at the times t = nπ/ω. In Fig. 5 , we show the numerical results of spin squeezing parameter for different coupling strength µ. As shown in Fig. 5(a) , we find that the numerical results coincide well with the analytic ones obtained by the frozen spin approximation. In the stable regime, for µ = 0.2 and 0.8, ξ 2 oscillates periodically with it period decreasing as µ increases. Meanwhile, we find that for these two coupling parameters, the spin squeezing persists (ξ 2 < 1) for the whole dynamical process except for the times t = nπ/ω.
However, in the unstable regime, as shown in Fig. 5(b) , for µ = 1.4 and 1.8, the periodic oscillation phenomenon disappears and the spin squeezing survives for a short time. From the above plots, we observe that the spin squeezing vanishes at sometimes. It will be convenient to define a spin squeezing time
which characterizes how long the spin squeezing survives in the whole dynamical process. In Eq. (31), t v is the time in which ξ 2 < 1, and T is the total time of evolution, which is taken to be 20. For t s = 1, it means spin squeezing always persists in the dynamical process, while t s < 1, it indicates spin squeezing vanishes at sometimes. In Fig. 6(a) , we plot the numerical result of t s as a function of coupling strength µ. It is clearly seen that when µ < 1, t s ≃ 1. By increasing µ and close to the bifurcation, we can find that t s decreases. It indicates that the time of spin squeezing in the unstable regime is much shorter than that in the stable regime.
In Fig. 5 , we can also find that the value of spin squeezing is sensitive to the coupling strength µ. To clearly show the influence of µ on the spin squeezing, we now turn attention to study the mean spin squeezing which is defined asξ
In Fig. 6(b) we plot the mean spin squeezing with different interactions. As µ increasing,ξ 2 decreases and attains its minimum value near the bifurcation point. When µ increases and is beyond the bifurcation point, we can see thatξ 2 increases and is bigger than 1 for large µ. From the above results, we see that the underlying the coupling strength indeed controls the quantum dynamics of spin squeezing for the initial state θ 1 = π/2, φ 1 = π, θ 2 = π/2, φ 2 = π. The spin squeezing is very sensitive to the coupling strength. As the coupling strength increases, in the stable regime, the spin squeezing is enhanced, while in the unstable regime, the spin squeezing is suppressed.
Conclusion
We have studied the static and dynamical spin squeezing in a simple coupled giant spins model which exhibits a bifurcation in the classical limit. For the ground state of the spin squeezing, we found that the spin squeezing attains its minimum value near the bifurcation point. We also analyzed the relation between the dynamics of the spin squeezing and the classical bifurcation. For an initial state as a fixed point, we found that in the stable regime, the spin squeezing exhibits periodic oscillation and persists over the whole dynamical process except at times t = nπ/ω. while in the unstable regime, the periodic oscillation phenomenon disappears and the spin squeezing survives for a short time, it indicates that the dynamical spin squeezing is suppressed for the strong coupling. As the spin squeezing vanishes for the generating state, we defined mean spin squeezing to characterize the squeezing properties, and found that the mean spin squeezing attains its minimum value near the bifurcation point.
Spin squeezing, an important purely quantummechanical effect, is substantially connected to quantum correlations. From present results, we can see that the spin squeezing has a close connection with the classical fixed-point bifurcation.
